Numerical integration formulas in n-dimensional Euclidean space of degree three are discussed. For the integrals with permutation symmetry we present a method to construct its third-degree integration formulas with 2n real points. We present a decomposition method and only need to deal with n one-dimensional moment problems independently.
Introduction
Let Π n = R[x 1 , . . . , x n ] be the space of polynomials in n real variables and L be a square positive linear functional defined on Π n such as those given by L (f ) = R n f (x)W (x)dx, where W is a nonnegative weight function with finite moments of all order. Let Π n d be the space of polynomials of degree at most d. Here we discuss numerical integration formulas of the form
where a k are constants and u (k) are points in the spaces. The formulas are called degree of d if they are exact for integrations of any polynomials of x of degree at most d but not d + 1.
In this paper, we only deal with the construction of third-degree cubature formula. It looks like a simple problem, however it remains to be solved. The well known result is due to Stroud [1] [2] [3] . He presented a method to construct numerical integration formulas of degree 3 for centrally symmetrical region and recently Xiu [5] also considered the similar numerical formulas for integrals as w(x 1 ) . . . , w(x n )f (x 1 , x 2 . . . , x n )dx 1 . . . dx n .
In [5] , Xiu assumed that every single integral is symmetrical, which means his result naturally belongs to centrally symmetrical case. Recently, the authors [12] Besides, many scholars employed the invariant theory method to deal with symmetrical case and we can refer to [7] [8] [9] and the references therein. As far as we know, 2n is the minimum of the integration points except some special regions(see [11] ), and for centrally symmetrical region Mysovskikh [6] had shown this point. However, for the general integration case, it remains unknown how to construct the formulas of degree 3 with 2n points. In the two-dimensional case, third degree integration formulas with 4 real points was given in [13, 14] for any regions. But it is difficult to extend it to higher dimension. For other related work, we can refer to [15] [16] [17] and the reference therein. This paper will extend the results in [12] for the integrals of product regions to those with permutation symmetry. First we present a condition which is satisfied by the integral. And then we prove that under this condition, the construction problem of cubature formulae with degree three can be transformed into two smaller sub-cubature problems. Finally, for the construction of cubature rules of the integrals with permutation symmetry can be decomposed into n onedimensional moment problems.
This paper is organized as follows. The construction of cubature formulas of degree 3 are presented in section 2. And section 3 will present two examples to illustrate the construction process. Finally, section 4 will make a conclusion.
The construction of third-degree formulas
Assume that L has the following property:
There exist n linearly independent polynomial l i (x 1 , . . . , x n ), i = 1, 2, . . . , n such that all l i l n (i = 1, . . . , n − 1) are the orthogonal polynomials of degree two with respect to L . Let
be a linear transformation and L be transformed into L ′ . Then by the assumption all t i t n (i = 1, 2 . . . , n − 1) are the orthogonal polynomial of degree two with respect to L ′ . Here we do not require that all t i t n (i = 1, 2 . . . , n − 1) can constitute a basis of orthogonal polynomials of degree 2 with respect to L ′ . We can also assume that the third-degree formula of L ′ has the following form
To enforce polynomial exactness of degree 3, it suffices to require (3) to be exact for 1, t 1 , t 2 , . . . , t n , t i t j , t i t j t k i, j, k = 1, 2, . . . , n.
Then we have
and the equation (4a) can be rewritten as
Hence we can rewrite the equations (4) as
Once ξ i is determined by (5c), then (5a) and (5b) become one n − 1 dimensional and the other one-dimensional moment problems respectively. If these two lower dimensional moment problems can be solved, then we can get a cubature formula of degree 3 with respect to the original integration problem. Generally speaking, the one-dimensional moment problem can be easily solved, but it is difficult to be solved for the n − 1 dimensional moment problem. However, if the n − 1 dimensional problem can be divided into one n − 2 dimensional moment problem and the other one-dimensional moment problem and further the n − 2 dimensional moment problem can continue this process, then the original integration problem can be turned into n one-dimensional moment problems.
In what follows, we will prove that if L is a integral functional with permutation symmetry, then the construction problem of third-degree cubature formulae can be turned into n onedimensional moment problems. In fact, we usually encounter this kind of integral functional, for example, the integration over the simplex, the square, the ball or the positive sector of the ball, that is {(x 1 , x 2 , . . . , x n )|x i ≥ 0, i = 1, 2, . . . , n; x 2 1 + x 2 2 + . . . , +x 2 n ≤ 1}. We first prove that the integral functional with permutation symmetry must meet the property (P). Thus the original cubature problem can be turned into two sub-cubature problems. Theorem 1. Let n ≥ 2 and
If L is permutation symmetrical, then l i l n (i = 1, 2, . . . , n − 1) is orthogonal to the polynomials of degree ≤ 1.
Proof. Take l 1 l n as an example. We first prove L (x 2 1 − x 1 x 2 ) = 0 to confirm the existence of l n . In fact, by the symmetry and the positivity,
Let us exam the orthogonality of l 1 l n . Assume n ≥ 3. By the symmetry, we have
It is easy to verify that the result holds when n = 2. This completes the proof.
Let L 1 and L 1 be two linear functionals defined on Π n−1 and Π 1 , whose moments are determined by
respectively. Thus the construction problem of third-degree formulas with respect to L is turned into two smaller problems, one of which is the construction with respect to L 1 and the other of which is the construction with respect to L 1 . It is easy to compute
Next we will show this decomposition process can continue. Let us consider the cubature formula with respect to L 1 . Obviously, L 1 is also permutation symmetrical, which allows us to employ theorem 1 continuously. Define
n−1 , n = 1, 2, . . . , n − 2 are the orthogonal polynomials of degree two with respect to
Again let L 2 and L 2 be two linear functionals defined on Π n−2 and Π 1 , whose moments are determined by
respectively. It is easy to compute
Assume that L k is a linear functional defined on Π n−k for every k(0 ≤ k < n) and satisfies property (P). Then a cubature problem of degree 3 with respect to L k can be divided into two smaller cubature problems-one with respect to L k+1 and the other with respect to L k+1 . Moreover L k+1 also satisfies the property (P) and then this process can continue and will end when k = n − 1. Finally, an n-dimensional cubature problem can be transformed into n onedimensional cubature problems.
and L k be a linear functional defined on Π 1 according to the above process, then the corresponding moments are
where
Proof. It remains to prove Eq. (8) . It follows from theorem 1 that
According to the definition of L k , we have
where the permutation symmetry is used. This completes the proof.
Remark 1.
In fact L n−1 is also a one-dimensional integration functional. The corresponding moment can be calculated by
Suppose that
is exact for any g ∈ Π 1 3 . And let
and
Hence the final cubature formula can be written as
which is exact for any f ∈ Π n 3 . It is clear that the solution of Eq. (11) is
and the solution of Eq. (13) is
n ,
where δ 2,k = 1 if k = 2 and δ 2,k = 0 if k = 2, and the solution of Eq. (12) is
Collecting the above discussion, we have Theorem 3. Assume that L is permutation symmetrical. Then there must exist a cubature formula
which is exact for every polynomial of degree ≤ 3. In the formula, α's and β's can be computed
where t i,k 's and w i,k 's are the nodes and weights of the quadrature formula (10) with respect to L k .
The proof is a direct result of the computation and is omitted.
Remark 2. For the quadrature problem of the one-dimensional moment, it is well known that the number of the nodes n k = 2 in the general case. Hence the total number of the nodes of the cubature formula with respect to L is 2n generally and 2n is usually the minimum among all the cubature formula of degree 3 except one case of the integration over the n-dimensional simplex [11] . For more knowledge of the problem of the one-dimensional moment, we can refer to the appendix of [4] .
Remark 3. For convenience, we present the relations of ξ's as follows
According to the previous discussion, it is clear that
Numerical Examples
• Firstly take the integration over the n-dimensional simplex as an example. Define
It is well known that
Then by a simple computation, we have
Here if we take
,
By taking different values for ξs, we can get different cubature formulae. For n = 3 and n = 4, if we take all t i = 1, then we can get formulas as showed in Tables 1 and 2 . Table 1 : Nodes and weights for T 3
In Table 1 , the first point is outside of the region. To avoid it, we can take Table 3 : Nodes and weights for T 3 and the corresponding cubature formula is listed in Table 3 . In the formula, the first and third nodes are on the boundary of the region T 3 .
If we take t 1 = 94 85 , t 2 = 1, t 3 = 76 85 , then all the nodes are inside the region, see Table 4 . and add one more point with weight −49/80, then the corresponding formula is showed in Table  5 .
In Table 5 , there are 5 points on the boundary. To make all the nodes inside the region, we can take t 1 = 7 5 , t 2 = 187 145 , t 3 = 179522 160283 , t 4 = 5 6 and add one more node with weight −618391/961698 and the corresponding formula is shown in Table 6 . The integration problem on the n-simplex was studied very extensively. According to the collection of R. Cools in the website(http://nines.cs.kuleuven.be/research/ecf/ecf.html), the minimum number of nodes in the third-degree formulas is n + 2, in which there is a negative weight. Except the (n + 2)-point formula, the minimum number is 8 and 10 for n = 3 and n = 4, respectively. If we only consider the formulas with positive weight, the minimum of the points is 8 and 11 for n = 3 and n = 4 respectively. Therefore our formula for n = 3 and n = 4 have the fewest numbers among all the formulas with positive weights.
• Secondly take the integration over the positive sector of a ball as an example. Define
It is easy to get that
where n o denotes the number of the odd number among α 1 , α 2 , . . . , α n and m!! denotes the double factorial of m and m!! = 1 if m ≤ 0. Then by a simple computation, we have and
If take all t i = 1 for n = 3 and n = 4, then we can get formulae as showed in Tables 7 and  8 . If we take t 1 = 0.8, t 2 = 1.31, t 3 = 1.11 and t 4 = 0.78 for n = 4, then we can get a formula with all the nodes inside the region, see Table 9 . 
Conclusion
In this paper, we present a method to construct third-degree formulae for integrals with permutation symmetry. Our method is a decomposition method, which is easy to compute. At the end of the paper, we present some numerical results, which seem to be new. Compared with the existing method, we focus on the case of permutation symmetry, which seldom is considered. The numerical results show that the number of the points attain of close to the minimum. Besides, in most cases, the weights in our formulas are all positive or at most one negative weight.
